Introduction
Photonic crystal (PhC) structures have been proposed as a waveguide infrastructure for highdensity photonic integrated circuits (PICs). Optical amplification is one of the fundamental functionalities, required for compensating attenuation and coupling losses and thus increasing the number of integrated devices. A major advantage in combining PhC waveguides and active III-V semiconductors is the possibility to drastically decrease the component length via enhanced light-matter interaction enabled by slow-light (SL) propagation [1] . The investigation of group velocity related gain enhancement was initiated in Bragg slabs [2] . It is natural to extend such idea to PhC line defect waveguides with guided modes within the bandgap [3] . Attempts of realizing PhC travelling wave semiconductor optical amplifiers (SOAs) [4] are confronted by various challenges, e.g. excessive propagation losses due to mode leakage into substrate [5] as well as heating issues. However, recent progress within PhC Lasers [6, 7, 8] witness the continued development of the PhC membrane platform, indicating the feasibility of realizing PhC amplifiers.
In order to simulate the properties of PhC SOAs, one needs simultaneously to account for the electromagnetic field distribution and propagation in the membrane as well as its coupling to the carriers in the active region of the structure, typically layers of quantum wells or quantum dots. The strong dispersion originating from the PhC structuring makes this coupling highly non-trivial. The finite difference time domain (FDTD) method has been used to simulate the properties of an active material, often described by Maxwell-Bloch equations, embedded in different types of PhC structures [9, 10, 11] . Because gain saturation can be only properly evaluated when the time-domain simulation reaches steady state, this time-domain approach is computationally demanding and not suitable for systematic investigations in practice.
Thus what is missing is an effective model equivalent to the traveling wave model of an active ridge waveguide [12] , which has been so successful in understanding the properties of SOAs as well as lasers, e.g., gain saturation [13, 14] , small-signal modulation response [15] and laser dynamics [12, 16] . A one-dimensional rate equation analysis [4] with heuristic inclusion of group velocity was used to investigate the gain characteristics of PhC traveling wave SOAs, but was not validated against full simulations. We note that while the group index does show up in the standard formulation of the traveling wave equation for conventional SOAs, the replacement of that group index with a value enhanced by the slow-down factor due to PhC induced dispersion has to be justified. Such an approach ignores that the implicit quasi-plane wave approximation used in classical ridge waveguide amplifier and laser models is no longer appropriate for structured optical waveguides with strong dispersion.
In this paper we present a theoretical analysis that quantifies the carrier depletion and continuous-wave (CW) light amplification in active PhC waveguides based on a perturbative approach. Taking advantage of the perturbative treatment, we decouple the two physical subsystems and conduct extensive finite-element (FE) simulations [17] for time-harmonic vectorial fields in the reference passive PhC membrane waveguide, while separately accounting for the corresponding microscopic carrier depletion within the embedded gain region. Moreover, we suggest a modified rate equation model that well accounts for the carrier-depletion-induced modal gain saturation in a SL-enhanced active PhC waveguide.
Theory
In the weak perturbation limit [18, 19] for CW light amplification, the electric and magnetic fields of the principal guided Bloch wave, [E(r,t), H(r,t)], of an active PhC waveguide at a given frequency ω are approximated as:
Here β is the wave number along the propagation direction z, ψ(z) is the amplitude of the forward propagating field component, e(r), h(r) are the normalized electric and magnetic fields of the periodic Bloch mode in passive structure. The carrier-induced polarization P pert (r,t) in the gain medium is approximated as:
where ε 0 is electric permittivity of free space and χ pert (r) is the first-order susceptibility change, which is determined by the carrier-induced material gain, g(r) = g mat F(r) f inv (r), as the product of maximum material gain, g mat , active material distribution function, F(r) and distributed population inversion factor, f inv (r). For simplicity, material dispersion is not taken into account. In equilibrium, we have the following balance condition involving the carrier density N(r):
where τ s is carrier lifetime, R p (r) is the distributed injection rate of carriers by optical/electrical pumping, R st (r) is the local stimulated emission rate which generally depends on the carrierinduced polarization change:
By substituting Eq. (1) and Eq. (2) into Eq. (4), the stimulated emission rate becomes:
Here c is the speed of light in vacuum, n g is the group index along propagation direction z, accounting for the propagation speed governed by the PhC waveguide dispersion, n b is the background refractive index,h is Plank's constant. Volume integration operator over a supercell is indicated by . Furthermore, a is the lattice constant, P z = 1 2 s Re{e(r) × h * (r)} ·ẑdS is the unit rms power flux over the transverse section, which is related to unit rms electric and magnetic energy stored in a supercell W = an g P z /c and Γ is the confinement factor giving the fraction of electric energy stored inside the active region. Here f inv (r) and N(r) in the active material are implicitly determined by a Fermi-Dirac integral under quasi-equilibrium condition.
Within the slowly-varying envelope assumption, ψ(z) is considered constant over the period, a, of the PhC structure. The modal gain per unit length based on Poynting's theorem is quantified as:
Withf inv being a volume-averaged population inversion factor. Our modal gain approximation for active PhC waveguides is consistent with the perturbative analysis based on quasi-planar wave expansion in conventional active semiconductor waveguides by separating transverse mode distribution and longitudinal field envelope [12] . Thus Eq. (7) reduces to the well-known expression for the modal gain per unit length for conventional ridge waveguide structures. The difference is that in the conventional quasi-planar ridge waveguide the group index induced by waveguide dispersion is fairly close to the background refractive index and there is little room for dispersion engineering. Hence, we consider Eq. (7) reduces to the well-known modal gain (per unit length) definition primarily determined by optical mode confinement factor over the transverse cross section.
Effective rate equation analysis
Alternatively, we suggest a modified effective rate equation analysis. Based on Eq. (3) and energy conservation, we derive a balance equation for the averaged carrier density N /V act in a supercell:
Here V act and V opt are the active material and optical mode volume. We define the optical mode volume V opt in passive PhC waveguides as:
Here, volume integration operator over a supercell is indicated by and the averaged electrical energy density is defined as half of the maximum density value. N p = n g aP z /(hωV opt c) is the averaged photon density corresponding to the unit rms power flux P z . Eq. (8) with scalar field approximation in quasi-planar waveguides is equivalent to the stationary form of conventional laser dynamics rate equation analysis [12] . The equivalent effective area defined in conventional SOAs is A e f f = V opt /a. For simplicity, we may approximate the active material volume as V act = ΓV opt . The confinement factor in the stimulated emission term as a function of photon density [4] is justified by ΓV opt /V act . The ratio V opt /V act reminds us that the investigated averaged carrier and photon densities are quantities normalized by difference volume definitions. By assuming that carrier and photon densities are uniformly distributed inside the corresponding volumes, both V act and V opt are extra free parameters in this effective model. In particular, V act is phenomenologically introduced to describe the active material region, where carriers interact with light. We notice that, as in conventional SOAs [20] , the relevant definition of the confinement factor depends on how the considered saturation mechanism scales with the field intensities. For carrier dynamical contributions with various physical origins, additional correction factors for V act are required to allow this effective model to provide reasonable approximation of microscopic simulation results.
Simulation results and discussions
We consider a W1 line-defect PhC membrane with quantum well (QW) layers embedded in the middle of the membrane, as shown in Fig. 1 . The parameters are chosen to realize single mode traveling-wave optical amplification in the C-band for an InGaAsP membrane. To model the quantum well, we use a simple free carrier gain model with homogeneous carrier pumping over the extent of the PhC membrane.
Our numerical simulations start by solving for the time-harmonic guided mode in the passive three-dimensional PhC waveguide, which is an eigenmode problem governed by Maxwell's equations with Bloch theorem. Many popular numerical methods and codes, e.g., MIT Photonic Bands (MPB) based on plane wave expansion in a supercell [21] , FDTD eigenmode extraction based on a proper pulsed excitation in a periodic system [22] and finite-element (FE) analysis of a superccell [23] , are available to evaluate such eigenvalue problem with different computational cost and efficiency [24, 25] . In this paper, we implement FE vectorial field eigenmode calculations [26] of three-dimensional passive W1 line-defect PhC membrane waveguide based on a supercell approach. Examples of time-averaged electric energy density profiles of a typical fundamental TE-like guided mode at the wavelength of 1550nm are shown in Fig. 1(b) . The relevant guided modes in the PhC membrane waveguide are tightly confined horizontally by the band gap and vertically by index guiding. Based on the knowledge of the calculated Bloch mode profiles, we proceed to analyze the microscopic carrier density distribution in the active material based on Eq. (3). For a given input optical power, the high concentration of electric field intensity in the line-defect region leads to the corresponding non-uniformly depleted carrier density (population inversion factor) distribution as shown in Fig. 1(c) . The strength of our theoretical analysis is to approximate and decouple the two physical subsystems within the perturbative limit, thus avoiding repeated eigenmode calculations when only considering small deviations from the passive mode. Such approach allows us to conduct comprehensive parameter sweeps. In order to highlight the slowlight impact on stimulated emission, we neglected the details of carrier diffusion and surfacerecombination and just consider the carrier dynamics to be governed by a single decay time. This is similar to the case of conventional SOAs and the analysis can easily be expanded to include more elaborated carrier transport phenomena in semiconductor devices governed by Poisson and carrier drift-diffusion equations under realistic assumptions [27, 28] . Furthermore, the slow-light impact on spontaneous emission may be explicitly included into Eq. (3) as modified radiative recombinations contributing to the carrier lifetime [29] . The saturation caused by amplified spontaneous emission [30] can be further investigated to determine the condition for optimum performance. Figure 2 illustrates the calculated band diagram and frequency dependence of the parameters entering Eq. (6) for SL-enhanced modal gain in a 3D PhC waveguide with a single QW layer. In the small-signal limit, f inv (r), which is derived from the Fermi-Dirac distribution, is constant within the active region under uniform pumping. Due to different loss mechanisms [31] in practical SL PhC waveguides and fundamental limitations to gain enhancement close to the photonic bandedge [32] , we limit our discussion to slow light modes with group index up to around 40 and relatively small maximum material gain g mat = 1000cm −1 . For the given carrier-induced susceptibility and active material filling factor, the perturbative expression for the modal gain has excellent agreement with the imaginary part of the wavenumber obtained from (numerically exact) FEM simulations of active waveguides. The relative error of the modal gain is on the order of 0.1% or less. As the frequency decreases towards the band-edge region, the enhancement of the modal gain is dominated by the increased group index. Meanwhile, the corresponding optical mode volume for averaged electric energy density gradually increases as the optical fields extend into the cladding photonic crystal region, which will also impact on the averaged photon density for the effective model, Eq. (8) and the gain saturation profile. Figure 3 illustrates the SL-enhanced modal gain saturation in PhC waveguides. Figure 3 (a) shows that the effective model using a constant value of the active material volume V act = ΓV opt agrees well with the full model results with microscopic carrier depletion description based on Eq. (3). In order to achieve better agreement between the effective model and the full model, we may allow the effective volume to vary as a function of power as shown in Fig. 3(b) . The best fit active volume is seen to increase and deviate from the constant volume ΓV opt for large input power levels. In this case, we are investigating an active PhC waveguide, in which the active QW layers have the same lateral extent as that of PhC waveguides. A large input power level leads to the non-uniformly depleted carrier density, in particular, around the peak energy density spot in the middle of the line-defect region. However, the tail of the optical fields can still experience significant gain in the less depleted cladding photonic crystal region. Hence, the effective active volume increases with the rising of input power levels. Figure 4(a) illustrates the gain saturation in PhC waveguides with different QW layer numbers. By increasing the number of QW layers, the confinement factor is increased proportionally. Hence, larger modal gain is provided for traveling wave amplification. On the other hand, the corresponding 3dB saturation power shown in Fig. 4(b) has negligible dependence on the number of QW layers. As V act is also proportional to the number of QW layers, the factors Γa/V opt and ΓV opt /V act are hardly changed. As the operation frequency moves deeper into the slow-light region, the saturation power further decreases. For the frequency range of interest, the saturation powers are well approximated by the effective model with constant active material volume V act = ΓV opt . In contrast, the saturation power in conventional SOAs is rather insensitive to operation frequency since both group index and confinement factor in standard ridge waveguide designs have small variations against frequency. The dash dotted line in Fig. 4(b) shows the saturation power for a conventional SOA with a group index of 4 and other parameters (i.e. confinement and optical mode volume) assumed identical to those of the PhC waveguides. The slight increase of saturation power for lower optical frequency reflects that more carriers are available for stimulated emissions close to the band edge. The ratio of the saturation power at normalized frequency 0.254[c/a] corresponds to the ratio between the group indices of the two waveguides. In practice, the conventional SOAs have larger effective area A e f f , on the order of 1µm 2 , which leads to further increase of saturation power level.
Such strongly frequency-dependent modal gain and 3dB-saturation power make the device less attractive for broadband linear amplification, e.g., in PICs employing wavelength-division multiplexing [33] , while the flexibility in controlling the gain dispersion and the significantly decreased saturation power in the SL region may be attractive for many SOA-based nonlinear optical signal processing applications, e.g. microwave phase shifters based on four-wave mixing (FWM) and coherent population oscillation (CPO) effects [34] , optical switching utilizing cross gain modulation (XGM) and cross phase modulation (XPM) effects [35] . 
Summary
We compared rigorous three-dimensional simulations of gain saturation in photonic crystal active waveguides to the predictions of an effective rate-equation-based model. The simple rate equation model well accounts for the carrier-depletion-induced modal gain saturation in active semiconductor waveguides. Simulations indicate that a slow-light-enhanced photonic crystal traveling-wave amplifier has a high small-signal modal gain and low saturation power, making it promising for nonlinear optical signal processing.
